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ABSTRACT

This document describes two procedures for designing recursive
digital filters from continuous~time filters when the ratio of the
sampling frequency to the pole frequency is small. The coefficients of
the proposed digital filters, which are derived from the step and ramp
invariance of the corresponding analog filters, have been determined
for real and complex poles. For higher-order filters realized in a
parallel form, it is demonstrated that the discrete-time transfer func-
tion of digital filters obtained by the step and ramp invariance can be
derived directly from the standard z-transformstion or from the partial
fraction expansion of the continsous—time transfer function. The
discrete-time transfer functions of the step— and ramp-invariant fil-
ters realized in a cascade form have also been derived. Finally, the
performance of these methods is demonstrated by plotting the magnitude
and phase responses of the first- and second-order digital filters.

For high—order Butterworth and elliptic filters, the magnitude re-
sponses of step—-invariant and ramp-invariant fiiters are compared with
those obtained by usual methods such as the standard z and the bilinear

transformations.
T st

Cu—————

Ce document décrit deux sfthodes pour concevoir des filtres
nmériques récursifs 2 partir des filtres analogiques lorsques le rap-
port entre le taux d'échantillonnage et la fréquence du pSle est fai-
ble. Les coefficients des filtres mmériques proposés, qui proviean-
pent de 1'invariance 3 1'Gchelon et & la rampe des filtres analogiques
correspondants, ont $té déterminfs pour les plles rfels et complexes.
Pour les filtres d'ordres plus &levés réalisés dans un réseau paral-
131e, 11 est dimontré que la fonction de transfert en z des filtres
nusériques caractérisés par 1l'invariance 2 1'Gchelon et 3 la rampe peut
Stre déduite directement de la transformfe en s ou de la dScomposition
en fractions partielles de la fonction de transfert des filtres analo-
giques. On a aussi déduit la founction de transfert en z des filtres
invariants 3 1'échelon et 2 la rampe pour une réalisation dans un ré-
seau en sbrie. Finalement, la performance de ces mfthodes est dimon-
trée en tracant les réponses en smplitude et en phase des filtres numé-
riques du premier et du deuxidme ordre. Pour des filtres BDutterworth
et elliptiques d'ordres Elevés, on compare la réponse en amplitude des
filtres iuvariants 2 1'échelon et 2 la rampe avec celle obtenue par des
sithodes courantes telles que la transforafe en s et la transformbe
bilinbaire.
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1.0 INTRODUCTION

As with analog filters, the approximstion step in the design of
digital filters is the process wheteby a realizable transfer function
that satisfies prescribed conditions is obtained. Several methods
permit the derivation of recursive digital filters from the continuous-
time transfer function of their analog counterpart vhen the ratio of the
sampling frequency to the pole frequency (f'/fp) is sufficiently
large. The methods constitute textbook material and include the
impulse-invariant, matched z and bilinear transformations. On the other
hand, they suffer from serious drawbacks such as aliasing and frequency
varping, which lead to inappropriate spproximations when f_/ £, 1s
small.

The two approximation methods described in this report, the
step-invariant and ramp-invariant transformations, fill this gap by
providing valid matches even when t./fp is small. The proposed
methods are an extension of the impulse-invariant transformatiom. With
this technique, which is also called the standard s-transformation, the
response of the derived digital filter to an impulse is identical to
that of the sampled-impulse response of the continuous-time filter. In
the step-invariant transformation, the response of analog filters is
found by assuming that the input is approximated by a sequence of steps
whose duration is set to the sampling period and whose amplitude
corresponds to the instantanecus value of the imput signal at the time
of sampling. In the ramp-invariant transformation, the input signal
consists of a sequence of ramps that join the sampled values. This
procedure leads to the determination of the discrete-time transfer
function of digital filters, whose response is identical to that of the
reference analog filter in relatiom to the input signal (step or ramp).




In this report, discrete~time transfer functions were determined
for first— and second-order filters with real and complex poles. Map-
pings from the continuous-time (Laplace transform) and discrete-time
(z-transform) transfer functions were derived for the step- and ramp-
invariant transformations. The methods were generalized for filters of
any orders with poles of any multiplicity by considering partial frac-
tion expansions in terms of first- and second-order transfer functions.
This approach leads directly to a parallel implementation. The discrete-
time transfer function of the step-invariant and ramp-invariant filters
realized in a cascade form has also been derived.

This theoretical approach was validated by plotting the magnitude
and phase response of first- and second-order digital filters derived by
the step~ and remp-invariant traansformations. These responses are com-
pared with those of the analog filters and the impulse-invariant digital
filters. Finally, for high-order Butterworth and elliptic filters, the
magnitude responses of the step- and ramp-invariant filters are compared
with those obtained by the impulse~invariant transformstion, the bilin-

ear transformation and the original analog filter.

This work was performed at DREV between September 1982 and
February 1983 under PCN 21J05, Guidance and Control Concepts.
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2.0 BACKGROUND

Filtering is a process by which the frequency spectrum of a
signal can be modified, reshaped, or manipulated according to some
desired specification. It may imply amplifying or attenuating a range
of frequency components, rejecting or isolating one specific frequency

component, etc.

The digital filter is used to process discrete-time or sampled
signals. It can be implemented by means of software or dedicated
hardware, and it can be represented by a network comprising a collec-
tion of interconnected elements. The analysis of a digital filter
determines the response of the filter network to a given excitation.
Its design, on the other hand, consists in synthetizing and implemen-
ting a filter network so that a set of prescribed excitations results

in a set of desired responses.

?he design of a digital filter comprises at least two steps:
the approximation and realization ones. The approximation step is the
process of generating a transfer function satisfying a set of specifi-~

cations that may concern the amplitude, phase, and possibly ti-e-‘

domain response of the filter. The realization step is the process of
converting the transfer function into a filter network using inter-

connected unit delays, adders and multipliers.

In the approximation step, the wealth of knowledge acquired in
the design of analog filters may be transposed to the design of their
digital counterparts. The discrete-time transfer function (expressed
in z-transform) 1is derived from the continuous-time transfer function
(expressed in Laplace transform) of a reference analog filter of known
characteristics. Several methods are currently available that perform

such approximations: the invariant-impulse, matched z- and bilinear
transformations.
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. Once the discrete-time transfer function of the digital filter
has been obtained, this transfer function can be converted into a fil-
ter network. The realization of this filter network will not necessar-
ily operate exactly as prescribed because the previous operations were
carried out assuming that the components to be used are of infinite
precision. These effects need to be studied and corrected as neces-
sary. The realization step of the digital filter is fully described
in many textbooks such as Refs. 1 and 2. The transfer function can be
broken down into simpler transfer functions and be realized directly.
However, if the transfer function is given as a sum of partial frac-
tions or as a product of first- and second-order factors, it can be
rea}ized either in parallel or cascade form without any further
wodifications.

2.1 Impulse-Invariant Transformation

The impulse-invariant transformation (Refs. 1 to 5) yields a
digital filter with an impulse response equal to the sampled impulse
respongse of the continous filter. In this transformation, the input
signal x(t) is sampled at frequency fs‘ The response of the analog
filter is found by assuming that it is excited by a sequence of im-
pulses equally spaced at intervals T (the sampling period). The am-
plitude of impulses is equal to that of the sampled values of x(t).

Given that the analog filter has only simple poles, its transfer
function is written as:

e S e SR S (1]
H. (s) = A + + + 1
A O g1 8*P gy s+d g4 4)

The details of the derivation of Lhis equation can be found in
Appendix A.
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The impulse~invariant transformation I(z) of eq. 1 gives
AT n Moy p Ayys
1 ' ' 1+718"
I(s) = A+ fl - +1 —3 - .7,,1—{:—[2]

L T m 2
1“"81 1 - (2 cos B;T)s + e s

where = = ch, T being the ssmpling period
by = TEy,
-ci'r
A, =Te [k, cos BT+ Ky, sin 8,1}

‘11"’:*"1‘2"“’1)

® !
dy =ay - 38y

i

d* = conjugate of ‘di

The mapping relation between the s plane and the s plane can be
deduced directly from eq. 2. It is written as

1 T
* [3]
s+p -1 “P,T
i 1 -41¢ 1

This method yields valid matches with the corresponding analog
systea ounly at high sampling rates and it is satisfactory only when the
analog system is sufficiently bend limited.

e




2.2 Matched z~Transformation

The matched z-transformation is a technique based on mapping the
poles and seros of the contimuous-time filter. It is performed on the
cascade form of the transfer function of analog filters. As shown in
Appendix A, this form is written as

(s +m)
s [4]

(s +p)
The discrete-time transfer function of eq. 4 is given in Ref. 5 as

M -a.T

L 1!1 (z-e 1)

M(z) = (s + DV K S ——
s l('_epir)
i

vhere L is an integer whose value is equal to the number of szeros of
H(s) at s = =, In this transformation, the poles of digital filters
are identical to those obtained by the impulse-invarisnt transforma-
tion. However, the zeros do not correspond. In general, the use of
the impulse-invariant or bilinecar transformation is preferable to that
of the matched z-transformation (Ref. 1l).

2.3 Bilinear Transformation

A bilinear transformation is obtained by substituting s in the
continuous-tise transfer function H(s) by

-1
21~z
.’7"-14-{'1 le)

This transformation, which is used to circumvent the aliasing
problea of the standard s-transformation, results in a nonlinear warping
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of the frequency scale between the continucus-time frequency and the
discrete-time one, according to the relation
T o T
i [7]
el

where @, is the continuous-time frequency variable and @, is the
discrete~time one.

3.0 STEP-INVARIANT TRANSFORMATION

The step~invariant transformation is an extension of the
impulse~invariant technique. The response of the analog systea is
found by assuming that the input x(t) is approximated by a sequence of
steps. The amplitude of steps corresponds to the instantaneous value
of x(t) at the time of sampling and their duration is equal to sampling
period T. In this case, the input signal is written as

x() = I XM {uce - a1 - u(e - @+ 1 D} 8]

where u(t - nT) = 0 if t < nT and
=1 1f ¢t > nT.

In the following sections, an invariant-step transformation will be

derived for first-order (real poles) and second-order (complex poles)
terms of the partial fraction expsnsion given by eq. 1.

3.1 Firet—Order Terms (Real Poles)

Consider a real-partial fraction of the expansion given by eq. 1
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‘ Ve can derive from eq. 9 a difference equation that will give
y{(a + 1)T], the value of y(t) at time t 4y a0d from x(nT) and
™ y(nT), the values of x(t) and y(t) at time t,- The transfer function 5
mst be rewritten by setting the initial condition of the output
g varisble at time t, Then, the filter is stimulated by a pulse whose :f
3 amplitude and duration are set to the instantaneous value of the input
-#‘ signal at time t, and to the sampling period respectively. Substi-
’En tuting the input variable by the Laplace transformation of a pulse :
function of smplitude x(nT) and multiplying this result with the trans- Y
fer function of the filter yields a new relationship. Finding its
tk.\ o 3
ﬁ? inverse Laplace transformation and substituting t by (n+l1)T gives the ‘*;'-’
e gy
P )
2 value of the output at time tn +1. i\.;
i :
‘“ If we take into account the initial condition of the variable "
"3
‘:‘ y(t) at time t (=nT), noted by y(aT) §(t - uT) where
2y
&
ke S(t-nT) =1 41f t = nT
= 0 elsewhere
S
&“5‘
» Thus, the transfer function of eq. 9 is transformed as
- ' ~-nTs ~
AX(s) + y(uT) e
. e =) s+ p [10] =
i
& Since the input varisble at time t_ 1is a pulse of amplitude
& x(aT), its Laplace transformation is 3
5 X(s) = g;i)_ (e-n'r. - e—(u + 1)'1‘0) [11] ey
‘¢ A
i i
’ Substituting eq. 11 in eq. 10 and finding the inverse Laplace
‘é transformation of this relation yields the following time function: &
. B
g za:
rd
i N
A
X
R
Y TR I WA L S A U S b

Aty Nl S BRSNS A AR
_&)‘?‘:Q",":;@ q : ¥ Qo
AT TN RO W A AN Ao
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ey = (g HE T ygany $HE T e - am

- k’sﬂz (1 - ..’(t -. (‘ "’1)!)) ll(t - (ﬂ + 1)'!) [12]

Finally, let us determine the value of y(t) at time tn +1 by
replacing t by (n + 1)T in eq. 12. This leads to

y{(n + 1)T] = 55“;‘1’- (- ™) + yar)e P [13]

Equation 13 is a finite difference equation whose discrete-time
transfer function is

-pr, -1
| wm -
s(ep = 353 - o2 0= T [14]

By comparing eqs. 14 and 9, it is seen that the discrete-time transfer

function can be obtained from the continuous-time transfer function by
using the mapping relation

[15]

3.2 Second-Order Terms (Complex Poles)

Mow cousider one complex-partial fraction of the expansion given
by eq. 1

(16]
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If we spply the substitution of eq. 15 to each of the individual terms o
of eq. 16, we find -
% a - .-ﬁ):-l %:' a - .-d*‘!)'-l
+ -
1 -5 4T 1 - g1 T =
-2 -1
Kz +Ks '
—aT 2 T, 20T -2 [17]
, 1 - (2 cos 8T)s +e z
g where K, = K, T X «Teossr- K, «Tetnsr
ey "
ﬂ;
3 x‘-xl-xlo"'eo-sr+xz.""una‘r
K, = (C/d) + (C*/a*)
o i
3 K, = (C*/d* - c/a) &
B . | g
;:; The step-invariant transformation of analog filters described by
v eq. 1, vhose N resl poles and Nl complex poles are simple, is deter- ;* _
% nined by substituting eqs. 15 and 17 in eq. 1. This gives i
ot A -p,T
& La-e )t
19 1
‘4
% 1=kt 4y Pt
3: - e
Ko 1 K.,z + s
+ ! - rn it =2, T [18]
1 -1 3 -2 )
i 1 - (2 cos 81‘1'): + e s il
b . B
s ?‘i
'k';
(WY
K
e
W
ptN
i

“; -*"r_al;iﬁl‘kdséac.‘gg".‘.f;)‘s;’!f,";\.“__".‘k‘:-‘{-!_‘.

v - A, 1
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4.0 RAMP-INVARIANT TRANSFORMATION

?? The z-transform of this technique can be derived from the Laplace
transform by applying the same operations that yield the z-transformation
of the step invariance, the only difference being that the analog filter

at time t 1is excited by a ramp such as:

T) - - 1)T
st = (xl(a - 7] + XD HE DI - vy

- u(t - M)}

If we apply the following procedure to a real-partial fraction
(eq. 9) of the expansion given by eq. 1:

1) Transformation of eq. 9 to eq. 10: this operation allows
us to consider initial conditions of the output variable at
time tae

2) Substitution of X(s) in eq. 10 by

{gun - DT] + x(aT) -~ xlz(n - 1)'1;1} (e"(® = D)Ts_ -nTs, [20]

s Ts

which is the Laplace transformation of the ramp function
(eq. 19) at time tn.

3) Solve eq. 10 to derive a relation as a function of time and
replace t by nT to get the value of the output at time tye

A difference equation that gives y(nT) from x(nT), x[(n-l)T] and
y [(a-1)T] can be derived. Its z-transformation is

-
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PR A
_.." vy .:‘ -' i 'J.

AL a- PR -'-il- a-ePHa -z}
W) P p T [21]

X(z) L - o PT, 1

T

In comparing eqs. 21 and 9, we deduce that the ramp invariance
can be obtained from H(s) by using the mapping relation

LR

(a-e M7y —%— a-efMa-21
1 T
P
s+ p -p'rz-l

(22]

l-e

‘: For complex poles, we substitute the mapping relation of eq. 22
in each term of eq. 16 to find:

4 DI e 2 A R CRE
. R TRTEY R N S
H R .
. A R - PRRCRY ETRURE AL
R K 'y
AR PLUSFS-P R LI S J - _'A'-’-'n‘l .

-1 -2
Kc + KDz + KEz

1 - (2e-°Tcos 8 'r)z-1 +

alat Ltane!

~3aT <2 [23)
e 4

A DA A
PR A . .
. v et
e R PR
a et

N
MDY
it

-

vhere K, = (C/d) + (C*/d*)
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[c/a2 + (cra2)*]/T
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P -3
[ 2 dzlr
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Kg = -e.cr (K3 cos B T+K, 8in 8 T)

O Tt TRLTLCCARATETE
L 1- ' 2
H} .« an OIS
.

L AN AR

s

xc-xl-x:‘(l-ze'“cosa'r)+xs

[/

y .'l
pa

% = l3 (1- Ze-ar cos BT - e-zaT)

(LS A
"'l‘"l."l' '
HALFC
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For simple poles, the ramp~inveriaat traasformetion of amslog
filters charscterissd by N real poles and M complex poles gives:

Pt Pyt T
2> = Ay + Ay Pyt ’1
' - ———
1 T .
191 ! - ."1 !
{‘ For + 51'.1 + ‘u’.z
+ - T -20 T [24]
"'11-(20113038‘!):1 1.2
S.0 GENERALIZED o~z TRANSPORMATION

In this chapter, wa will first establish a procedure that
derives the step- and ramp-invariant transformations directly from the
impulse-invariant transformation. Then, this procedure will be used to
deternine the step and ramp invariances of analog filters comntaining
multiple poles.

The mapping relation betwsen the s and £ planes that gives the
step invariance is from eq. 15

1 . g1/g” cl’rz
s+p p‘rl

This relation can be rewritten ss

1 -1, ., 1/p 1 .-l < oLy gl _
e p T (-s )(1-'_1‘:__:?_.._1) Q=2 2GET 5

vhere Z is defined as the operator corresponding to the invariant-
impulse response of analog systems or standard z-transformation. Also,
the mapping relation of the ramp invariance (eq. 22) can be expressed as

o
‘
K ﬁ‘w‘ﬁ\ “‘Q"u ;

P

! N

o

N
&

#

U, 2
@ Y g‘:g" ‘{“, *
LA Y C



:~ gy
1-0 EL;
a-sha-d

, fn - 23]
.

Thes, it is shown that the step and ramp invariences can be
derived from the fspulse imvarisace. This operation consists ia
mitiplyiang the tramsfer fumction of an amslag filter W(s) by the
Laplace tramsformstioan of the wit-step fumctice (1/s) or the wmmit-ramp
function (1/s2), findisg the stenderd s-tramsformatioa of this relation
snd, fiselly, czmmtummnmwmw“of
the wait-step function meh is ll(l -8 ) or the wmit-rasp fumction,
which 1s T 5 2/(1 - s )2,

The invarisut-step response $(s) aad the 1mqu response
" R(z) of en analog system vhose trsnsfer mzmuu-;mmu
put in tho fom

s = (%)) a -7 [26]

1) - [2{Eg2)) Lo (7]

This procedure allows the determination of the step and remp
iavariasnces of analog filters whose transfer function contains multiple
poles. In Appendix A, this traansfer function is expressed as:

e
i
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\ i c c
| 1(-+p> "1 (s +a% (o +apt
vhere M, and Ml in the double summstion {ndicates the multiplicity
of the real and complex poles. -
; The standard z-transfora of these functions is given in Ref. 6
g as: o
it -z’ T P
' 1 e Dy(a ):-" R
§ T+ 1 - — i 5 [39] :%
+ -1.2+1 S
where D,(a,) is defined by rERs
(A =
gt
y
%‘{; 1 1l - !- (1] es e 0
B 8
£
1 g
5 Dy(ay) =
3 1 1
13 70 1 0
L ese ses sve see
]
" 1 1 1 L
Y] - 1) - i
" -p,T
o where a, = ¢ and D (a,) 4 1. Por complex poles, p, and a, are
N 1 0'“1 _d T 1
i replaced by ¢!i and bi respectively (bi - ).
A The derivation of the step invariance can be found by
M substituting eq. 28 in eq. 26. This ylelds
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N 1 A T l (a,)z
e (38 g Dolay
OR RS S S >:20 k-l ~WEBU
a )
Py 1%
M
.,,{'Zukzi_i!,.g_! )“i:.rx-z[ 1 1 Dy(®y)
1087 &1 d: d:k L : -2 (a-» 1)1 +1
)
. Cqp by Dy(by) 1)
TR JERED!
a (1-bz)

[30]

The derivation of the ramp invariance consists in substituting
eq. 28 in eq. 17. This leads to

-1

N u Ajy K(1-z2 )

R(z) = Ay + {121 [ -1
1 Py z

| I -2
R (1_2-1)2 = Aik(k-l) T a, Dz(‘i)'

T 1 1o p:«'-l-!. (1_.13-1):»1
M1
R {“i 21 Cox | Clx _ [ Cox Cix, x a-zh
181 &1 .k *k k+l *het+l -1
d1 d1 di d1 Tz
c,. b p,(b,)
‘j‘ (k-t) ot [tk 1 41
T d:ﬂ-z (l-biz-l)""n
C* (.3 A (b )
. 1k 1 Dy

31
o (1)
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Chapters 3.0 to 5.0 derived the step- and ramp-invariant digital
filters from the partial fraction expansion of the contimucus-time
tramsfer fuacticns. This design procedure leads directly to a realiza-
tion in a parallel form. If the cascade or direct form is desired, it
car be obtaised by substituting the mapping relations of eqs. 15 and 22
into the transfer function of analog filters expressed as a cascade
form of first- and second~order blocks. The results are presented in

Appendix B.

The invariant-impulse, matched z~ and bilinear transformstions
or either of the two methods developed in this report lesd to different -
discrete-time transfer functions and, in some cases, to different real-
izations. At sufficiently high f,/f,, their time, gain and phase
Tesponses are nearly the same, and the step- and ramp~invariant trans~
formations will be unnecessarily sophisticated. In this chapter, it
will be shown that, at low values of f./f,, the sophistication inher-
eut in these meth~ ods is necessary for transposing the character-
istics of anslog filters in the discrete-time domain.

Pirst, the spproximation of the first- snd second-order digital
filters with the impulse-, step~ and ramp-invariant transformations
have been considered. The frequency responses in magnitude and in
phase of the transfer functions of the filters obtained by each method
have been produced for the second-order band-pass filter, the first-
and second-order low-pass filters and the first- and second-order high-
pass filters. The frequency responses of the analog filters are given
as & reference while those of the digital filters are given for a set

of three wvalues of t.l!’s 100, 10 and 4. In all cases, the pole
frequency !' and the gain of the analog filter at tp were set to
1 kiis and O 48 respectively.
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The exercise vu.teputed for higher-order filters such as the
Butterworth and elliptic low-pass, high-pass, band-pass and band-reject
filters. In this case, only the frequency responses in magnitude were
produced. However, the impulse-invariant, bilinear, step-invariant and
ramp-invariant transformations were compared.

6.1 Comparison of the Methods for Deriving First- and Second-Order
Filters

This comparison shows the differences between these types of
digital filters in the time, magnitude and phase responses when small
f,/fp ratios are used. It leads to the determination of the best
procedure for designing high—order filters since they are merely a
combination of first- and second-order terms.

First, let us consider a second-order band-pass filter with the
following specifications: quality factor Q = 10, resonant frequency
f, = 1 Kiz and gain at resonant frequency = 1. This is the special
case of eq. A.5 where

(v /Q)s
B(s) = - 7
s + (uolq)o + w,

Figure 1 shows the performances of the three types of digital
filters for various sampling frequencies (f. = 20 fo’ 10 fo, & fo and
2.5 fo) vhen the input is excited by a step function of amplitude equal
to 1. Each time the ratio f./fp is changed, the coefficients of the
filters are recalculated to maintain the resonant frequency constant.
From Fig. 1, we deduce that the step~ and ramp-invariant procedures
simulate exactly the time response of the continuous filter. The
ispulse-invariant method generates an offset at the output of the
filter that increases vhen the sampling frequency decreases.
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Impulse-invariant filter Step- (or ramp-) invariant filter
V o= V
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-
£f=1kHz, f = 2,5 kHz
[+ 8

FIGURE 1 - Comparison between the step- (or ramp-) invariant method
and the impulse-invariant method in the time response to a
step-function input of a second-order band-pass filter
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The behaviour of the time response is explained by examining the
magnitude and phase responses of the thrae digital filters plotted inm
Fig. 2 for a set of three sampling frequencies (f. = 100, 10 and & fo).
The responses of the corresponding analog filters are also plotted in
this figure. This provides a reference for determining the performance
of the digital filters. The ramp—invariant method produces a digital
filter with a frequency response in amplitude and in phase that corre-
sponds to the response of the continuous filter for a frequency band of
0 to f.lz. In this region, its frequency response does not depend on
the sampling frequency. The step~invariant filter has a magnitude
response similar to that of the ramp-invariant filter. However, its
phase response does not match the desired response around the resonant
frequency. The difference betwsen the analog and digital responses
does not exceed 30° as the sampling frequency is set to &4 £ . The
response of the impulse-invariant filter is identical to that of the
analog filter only in the frequency band located around the resonant
frequency. Depending on the sampling frequency, the attenuation of the
filter in the frequency band smaller than fo becomes limited to a
fized value rather than following the slope of 40 dB/decade. For
example, at tollo, the digital filter gives an error in amplitude
that varies from 12 to 18 dB as the sampling frequency falls between
10 fo and & fo' A difference betwsen the digital filter and its
analog counterpart is also observed in the phase response. It can
attain 90° within the full bandwidth (f./2) vhen f. is set to & fo.

Legend for Figures 2 through 6
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FIGURE 2 ~ Magnitude and phase responses of a second-order band-pass
digital filter obtained by the impulse-invariant, step-
invariant and ramp~invariant methods for various sampling
frequencies
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3 The discrepancies in the magnitude and phase responses also 5’-»
. exist for the low- and high~pass filters. Figures 3 and 4 1llustrate »,-
,\ these responses of the first- and second-order low-pass filters for the 2;
‘ step—~, ramp~ and ispulse-invariant procedures when the sampling frequen— -a
5t cies are set to 100, 10 and 4 fp. The pole frequency and the gain of é“
p the filters are maintained constant at 1 kHz and 1 respectively. The
f quality factor Q of the second-order filters is set to 10. The impulse~ :
3 invariant filter generates an error in magnitude that varies with the f
%E sampling rate. When f‘ is set at & fp, the error is limited to 6 4B for r-,»
o the first-order filter and to 3 dB for the second-order filter in the .:
2 3 frequency band of 0 to f./2. On the other hand, the low-pass digital L:‘
{: filters from the step-invariant and ramp-invariant methods simulate '

exactly the characteristics of their analog counterparts for a frequency
band lower than f.lz, except that the phase of the second-order step-
invariant filter is slightly disturbed around the resonant frequency.
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Finally, the magnitude and phase response of first- and second-
order high-pass filters are illustrated in Figs. 5 and 6 for the same sy
operating conditions as for the low-pass ones. For the first-order %

L ol e
A

% model, the preservation of the anaslog filter's characteristics by the s ‘.
LA impulse-invariant method requires a high sampling rate (> 100 fp). For E;'b
o the second-order model, the analog filter's characteristics are pre- .
'J served on a narrow frequency band. The attenuation of the amplitude E_:':i
:3 becomes limited to a constant value in the frequency band lower than ’&i
L4 £,/2 rather than following a constant slope of 40 dB/decade. The atten- E—"
_: uation value and the starting frequency of this phenomenon vary with the o)
sampling rate. The step invariance preserves the characteristics of the oy
3 first-order high-pass filter within the frequency band of 0 to f./z but, E;?
b at small £ .pr ratios, & constant shift in the magnitude response is K
X observed. This shift varies in function of the sampling rate and, for A
.4 example, it is sbout 8 dB at £ = 4 !p' In addition, an error in the ‘ t!é::j
f,ﬁ phase response exists around the pole frequency. For the second-order ;’:\'
% filter, the constant amplitude attenuation encountered in the impulse- ks
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invarisat filter is replaced by an attenustion reduced to s slope of
20 dB/octave. The filter aleo generates a phase error of 90° im the
useful frequency band for sampling rates smaller tham 10 t’. The
magnitude and phase responses of the first~ and second-order high-pass
digital filters from the ramp invariance correspond to the responses of

' the high-pass analog filter, provided that the frequency band is lim-

ited to f./z .

Thus, step~ and ramp-invariant filters give more accurate fre-
quency response in megnitude and in phase than the impulse-invarisat
filter for all the cases of first~ and second~order filters when small
f'lfp ratios are used. In this condition, the impulse invariance can
be performed only on the second-order low-pass filter. The step in-
variance gives accurate frequency responses for low-pass and band-pass
filters with small phase errors around the complex poles. !'in.illy. the
ramp invariance produces a close match between the frequency respouses
of digital and analog filters.

6.2 Comparison of the Methods for Deriving Higher-Order Filters

The next set of figures (Figs. 7 to 15) shows the frequency
magnitude characteristics of digital filters obtained dy the step-,
ramp~ and impulse~invarisut and the bilinear transformations of high-
order Butterworth and elliptic filters. For further details sbout
Butterworth and elliptic filter synthesis, see Ref. 7. In all exam-
ples, the response of digital filters is presented for various sampling
frequencies (1000, 100, 10 and &4 kHz) and it is accompanied by the
response of the corresponding analog filter. Figures 7 to 10 illus-
trate fifth-order low-pass and high-pass Butterworth and elliptic
filters. The cut-off frequency and the gain of these filters are
saintained at 1 ks and 1 respectively. In addition, for the elliptic
filters, the stop~band attenuation is at least 40 dB and the pass-band
ripple is limited to 3 dB. The band-pass and band-reject Butterworth
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snd elliptic filters of Figs. 11 to 14 wmre derived from a transforma-
tion performsd om the corresponding low-pass filters (Ref. 7). The
lower~ and upper-cutoff frequencies of these filters are located st 700
Bz snd 1.4 kHs. The poles and seros of these analog filters are given
in Appendix C. The cutoff frequency of the high~ and low—pass filters
N and the center frequency of the band-pass and band-reject ones are

w noted by £ X In addition, the step and remp invariances of analog

0, filters presented in this group of figures were performed on the

partial-fraction expension which yielded a parallel realization.

This set of figures shows that the impulse-invariant transfor-
mation can be applied only to Butterworth low-pass and band-pass 5
filters. In the first case, a close match between the analog and : P
digital filter is obtained. In the second case, the magnitude response
in the low-frequency band does not correspond to that of its analog

B counterpart when the ratio f'lfp becomes smaller than 10. In all the
other examples, the impulse-invariant msthod is unacceptable. For

N elliptic low-pass and band-pass filters, the equiripple character of

§ the stop-band response was destroyed by the slissing effect. Finally,

the aliasing renders this transformstion emtirely useless as a digital
band-reject or high-pass filter (Butterworth or elliptic).

The bilinearly transformed filters are essentially identical to

the original analog filter when the ratio f.ltp is greater than 10. %
* However, the poles of the digital filters are moved in relation to the .
sampling frequency. This effect, called nonlinear frequency warping, ?;u

%‘ is usually observed when the sampling frequency is smaller than 10 £ %
‘{i Thus, this method does not correctly preserve the magnitude response of f?r
e Py

analog filters at small values of f . A
; ** o/%p -
o -
57, IS0y
i The step and ramp invariance of low-pass and band-pass filters e
:«fﬂ produce digital filters whose magnitude response does not depend on the £

#
5
5,

L3

o] Yol

sampling frequency in the frequency band of 0 to f.lz. For high-pass
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and bend-veject filters, the magnitule respounse of the step~imvariant )
digital filters is unacceptable at small values of the ratio t,lt’. pp——
The razp-iavariant msthod can be used to digitise high-pass and band- ‘
reject filters dut the magnitude responses of amslog and digital

systems are mot identical when the ratio f./f’ beconss smaller than

10. Ia this case, the equiripple character of elliptic high-pass and

bend~reject filters is not correctly sisulated. The magnitude response

of the Butterworth high-pass filter in the low-frequency band is not

preserved by the ramp-invariaat filter. Moreover, the attemuation of

the bend-reject Butterworth filter in the stop-band region is liamited

to a value that varies as s function of the sampling frequency.

If the realisstion in cascade is used for the ramp invariance of
high-pass and bend-reject filters, better approximation of the analog
filters is obtained. Pigure 15 reveals that the digital Butterworth
filters preserve the magnitude response of their analog counterparts.
However, a small shift in the magnitude respounse of the digital high-
pass filter can be observed when the ratio f.lt’ becomes ssaller than
10. For the elliptic high-pass and band-reject filters, a close match
between analog and digital systems exists if the ratio f.lfp is main-
tained above 10. Cascade realization can also be performed on low-pass
and band-pass step-invariant filters but the msgnitude response of
these filters is less accurate than that obtained by the ramp-invariant
filters realized in a parasllel form.

Legend for Figures 7 through 15

Continucus—-time filter
o o o o o o o o Digital filter when f
Digital filter ﬁn 4
eessssscesssecess Digital filter when £
~tmtmsmomons=s~es Digital filter when £

1000 kHsz
= 100 kHs
= 10 kHs
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7.0 CONCLUSION

Two methods for approximating digital recursive filters from
analog filters have been described. The invariant-step response is
msintained in one case while the invariant-ramp response is used in the
other case. The discrete-time transfer functions of digital filters
obtained by these methods were derived for parallel and cascade

- realizstions.

The performance of the proposed methods was first determined by
giving the magnitude and phase responses of the first- and second-order
filters. It is showm that, for low-pass and band-pass filters, the
step-invariant procedure gives accurate magnitude responses that do not

vary with the sampling frequency in a frequency band of 0 to £ ./z. The
ramp invariance gives magnitude responses as accurate as those produced
by the step~invariant method for low-pass and band-pass filters and it
can be used to reproduce perfectly high-pass filters for ratios f .pr

smaller than 10. In addition, a close match in the phase response
between the ramp-invariant digital filter and its analog counterpart
can be observed for all cases of first- and second-order filters.

Finally, a comparison botuén the step-, ramp- and impulse-
invariant and the bilinear transformations was performed on high-order
Butterworth and elliptic filters. At small ssmpling rates, the
impulse-invariant procedure realizes a close match with the analog
filter in the magnitude response only for the Butterworth low-pass
filter. 1In the bilinear transformstion, the poles of digital filters
are moved in relation to the sampling frequency. This distortion,
caused by nonlinear frequency warping, becomes significant when the
ratio f.lfp becomes smaller than 10.
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The step and ramp invariance of low-pass and band-pass filters
in & parsllel implementation produces digital filters whose magnitude
response does not depend on the ssmpling frequency in the frequency
bend of O to £ /2. The magnitude response of the step-invariant high-
pass and band-reject filters realized in a parallel or a cascade form
is unacceptable for small ratios f.lfp (<10). The ramp invariance
realigsed in & cascade fors can be used to digitize high-pass and band-
reject filters. The ratio f./fp can be decreased to 10 for Butterworth
filters but the equiripple character in the stop-band response of
elliptic filters is preserved by a ratio f.lfp of at least 10.

The step- and ramp-invariant methods are thus less sensitive to
frequency folding in comparison with the impulse-invariant uthod;
Furthermore, step invariance can be applied to transfer functions in
which the degree of the denominator must exceed that of the mmerator
by at least one. In the ramp invariance, the numerator degree can be
as high as the denominator degree. In addition, whea the ramp-
invariant transformation is implemented in a parallel fora for the
low-pass snd band-pass filters and in a cascade form for the high-pass
and band-reject filters, the resulting match becomes better than the
one with the bilinear transformation for ratios f./fp smaller than 10.
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APPENDIX A

Representation of the Continuous-Time

Transfer Function of Analog Filters

Let us counsider that

B,(s) = i&;‘ [A.1]

is the transfer function of a realizable analog filter if coefficients

a; and b; are all real, and the degree of the mmerator is smaller
than or equal to the degree of the denominator.

Equation A.l can be expanded into partial fractions and, after
separating the real from the complex poles, it yields:

1 21x% + B

11k [4.2]

H(s) = A_+ g i———+
0 181 w1 (s + pi)k 151 k=1 (g2 + 2013 + ai + Bi)k

( ) f“:}, B (]
H = A + .
i P *21 (l+p N 1(s+a, )k (s + an)k

vhere C,, = (B,,,/2) + 3 {(B,, 0, - B),)/2 8]

d, =a, - 38

i i i

The * indicates the complex conjugate. The multiplicity My and Ml
of real poles Py and complex poles (d‘. dg) are related to the degree
of the denominator of H(s) by
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Jl uu-le M, [a.4] 7
N If we assume that all real and complex poles are simple, eq. A.3
'_3 becomes simply
) A N C c#
i i i
H(s) = A, + f + J + < [a.5]
0 1.1.+p1 1-1°+d1 .+di
Equation A.5 covers low-pass, high-pass, band-pass and band-
reject filters among the well-known filter classes such as the
% Butterworth, Bessel, Chebyshev and elliptic filters.
Equations A.2 and A.3 are suitable for representing parallel
realization of analog filters. For serial or cascade realizationm,
3 eq. A.1 must be expressed as
1 1 (- +a ) [A.6]
> H(s) = l.
' R 1 79
i=1
If we separate the first- and second-order terms, eq. A.6 becomes
NAA,;s + A NB B 32+B s+ B
H(s) = K [1_1 —————2: T 14 251 A 3 31 3 (a.7]
Py " 1=l 4% 4 2a REX AN Y
where N' = NA + 2NB. :}_f-j.fiz
_
N Equation A.7 can also be written as \_
3 EE:}
: NA Ayg " AgePy cu -
8o = K, [ (g + 555 I, (35, + : rawl [a-8]
¥
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APPENDIX B sl

NES

e

Realization of the Step~ and Ramp-Invariant ’_.::;-_,-,

i Digital Filters in a Cascade Form ':.:fi
' If the cascade or direct form is desired, it can be obtained by g

substituting the mapping relations of eqs. 15 and 22 into the transfer
functions of analog filters expressed in cascade form (eq. A.8).

For such a realization, the step-invariant transformation

becomes

—— = w e w .= -

1 -
NA {(Alilpi) - AZ:I.} (L-e z 1)

s(z) = [ .1 + ]
" 1-1 -p1T -1
. l1-e z
-2 -1

NB K z K 2
[m B, + i+ Bl ] (B.1]
=1 i -ai‘r -1 -2011? -2
1~ 2e cos Bi'rz + e z

«T2 8T T T.E NN -

vhere KAi and KB]. are directly obtained by substituting C by C1 in

eq. 17 and the ramp invariance becomes

. - -p,T _
. NA A1:I. A21.1’1. l-eiz1 jl-e )il-z)
: i=1 Pt Py pyT
; l~-e z i
! NB K + z-l + 2-2
: cie * Foue Ke1t
. + I B, + [B.2]
. qe1 1 -a, T -1 -2a 1T -2
: 1 - 2e cos B 1’1‘: + e z
G
. where RCI » %1 and ltn are directly obtained by substituting C by (:1 in ,
- eq. 23. S
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Continuous-Time Transfer Functions of
the Butterworth and Elliptic Filters
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This appendix gives the continuous-time transfer fumction of the
Buttexvorth and elliptic filters used in Chapter 8.0.

ki)

7

The transfer function of these filters is written as

M .
I. (s +m,) 3
H(s) = K, L) SR [c.1] F:Z_-.gi;
F' s +pp R
11

oA SOl e
|

Ly
4,

1) Fifth-order Butterworth low-pass filter:

= cutoff frequency = 1000 Hz

A RN 5 Dl

.
o
PR

I’ - M' = nmber of zeros = 0 »
~ - N' = number of poles = 5 o
& - Ry = 9.79 x 10!8 o
X -y, = 1941 & 3 5975 f‘,
-": ’ . sl
' P34 " 5083 + § 3693 -»
- Ps = 6283 G
o YO
2 &*1:‘.
,. 2) Butterworth high-pass filter derived from the low-pass r"_
E filter: 2
>

0 = cutoff frequency = 1000 Hz

AN

'S -M =5 N =5 K =1

F-

. -~ poles are identical to those of the low-pass filter

n = zeros are all located at 0

3

.2:

%

4,

A
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3) Butterworth band-pass filter derived from the low-pass

4)

5)

Ta AT AT,
RSN NN
) .?—g’“ W

AT A ,.J,‘% \"\'\ '-',\. A5 AR N AAAY ;:'\"-. ASH "s"‘.fs\‘\ NN \- % .s-.-

‘\'\"q\-"\, "\‘\ \\.‘ w.\-\,:l’%-
-

filter:

- lower-cutoff frequency = 700 Hz

- upper—cutoff frequency = 1400 Hz
- M =5 N =10, K, = 1.731 x 1018
- zeros are all located to 0

= 2221 + § 5877

= 1416 t J 4866

= 2177 * j 7478

= 466.6 t J 4484

= 906.3 £ § 8709

P,2
P34
Ps.6
P;.8
Pg.10

Butterworth band-reject filter derived from the low-pass
filter:

- lower-cutoff frequency = 700 Hz

-~ upper-cutoff frequency = 1400 Hz

- M =10, N' =10, K; =1

- poles are identical to those of the band-pass filter
- 10 zeros are located at 0 t j 6283

Fifth-order elliptic low-pass filter:

= cutoff frequency = 1000 Hz
- M =4, N' =5, K, = 240

a ,=0% 39309, m, , =0t j 6865
1,2 3,4
- By = 775.2% 3 4367, py , = 155.5 + 3 5802
Py = 1479
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6) Elliptic high-pass filter derived from the low-pass filter: 2=
- cutoff frequency = 1000 Hz :._
-M =5 N =5,K =1 2
% =0t o
-1,2 = 0t J 4240, 13.‘ 0t § 5750 o
m =0
- - 182.3 ¢ § 6799 = 1555 ¢ § 8763
: P2 3 » P34 3
R Pg = 26689
7) Elliptic band-pass filter derived from the low-pass filter:
= lower—-cutoff frequency = 700 Hz h
bt
- upper-cutoff frequency = 1400 Hz '- Y

M =9, N' = 10, K, = 169.72

m,=0% 310324, m,, =0 ¢ § 3801 N
1,2 3,4 N
By "0t 9163, m, o= 0% 4308 ¥
’ »
my =0 )
- p, , =379 % § 4557, p, , = 72.08 £ § 8660 [ ]
a 1,2 3,4
2 Ps 6 = 208.6 & 3 4920, Py g = 339-5 ¢ J 8008 \
8) Elliptic band-reject filter derived from the low-pass

filter: T

= lower-cutoff frequency = 700 Hz
- upper-cutoff frequency = 1,400 Bz

g

- M =10, N =10, K, =1 o
e -m ,=0% 36283, m =0t ] 795 N
Sieg ’ ’ '\:_
m = 0% 14960, m o =0¢ 38636 e
% 10" 0 % j 4570 .
» .' .".t
- b, = 16,476, p, = 2396
2 Py 4 = 414t 4323, p o = 87.4 £ 3 9131 e
e " = 306.1% § 3889, p .= 793.7 £ § 10086 o
i P7,8 -1 % 33889, vy 10 7t i
;'::;‘
RS
R
R
D o e T R D T e ey Sy T S T D
-,1;?-" RS LR "‘52.;"*" 3".2 ?'ﬁ""" X y 2 : s



*Sayegerlig
SPRIOZEUNII BT 39 3 UD IPNIOFEURII WY Snb SST[SI E8IUEINOT EIPOYIP
sop a9d 3nUSIQO T OBAP »dEma VY 39 UOTAYDY,T { SIUIISAN] S02ITY)
sop apnijidue uo asucdgi Y B29dEOD UOC ‘SPARTY S8Ipa0, P SWMbIIITE
I |310AI93Ing SBIITFJ SIP INOJ  -8IPI0 SEMTINep np I8 Jeywead np
ssnbyzganu #2371 sap sewyd us 12 spnijrdew ue sesuodya 9] Juedesr v
$13U0Epp 180 SIPOYIW DD I jaed WY ‘JUSENIVNIL °3}IPS Ws NIGE
-33 uUn guwp UOTIESIT¥HI sun anod odwes UY ¥ 30 VOTNYDY,T § 0IUTTIAR]
982173 $9p T US 1I8JEUNI] op UOTINOJ WY ITNPYP jesAe ¥ wy  -sendid
oYU 982311} Gep 329jSUEi) P UOTIDNW0) BY 8p sSTIRTIaed SEoTIINI} US
©oT3700dwodgp 91 8p NO 3 U SPWI0] 3 97 8P P 2ynpep 233
ned sdues T ¥ 1% VOTWOY,T ¢ SIUNIAGAUE,T I0d SPF1IPIININT sembligene
SBI3[F] SOP T US IISJAUEI) IP UOTIDU0; U] SRD JajvowEp I [T ‘OTRY
~19ad USSR TN FURP GYSTITPI SPASTY 9nYd S2IpIO,p E8IIT] 89T INOJ
‘sexeldwod 39 syega soygd sey 1n0d SUTRISIGP I8 U0 ‘9ITEPuOdesII0d
senbySorvur $83171) 99p sduea ST § I8 UOTAYY,l ¥ SOUSTINAUT,T Ip v
~unjacad b ‘sgsodoad senbragunm S83ITF; 0P SINNIITFFE0O ew] ‘AT
-193 190 o1gd mp bgaj o1 39 oBURUOTTFIVWNIY,P WY O] Bi3Ee 1od
-dva a1 anbeioy senbjSorsur 8833T7J eop 133a0d  ST8aNd9l senbjagenu
82311} 8P 1y mod WIgR TP 112099 JGENIOPR )

Q7T g I Sfagy v I
9dUS2 WY ¢ SIUUIIEANT,] I8 UOTEGIYT ¢ SJusTieaN},T
Op SUCIIEEIOJSUNI} ST Awd 93J93nd91 senbligEnu S8a3TF) 3P LOTIRATIN,

oW1 V0O *3%d ‘s33eTsdang 0088 °“d°D ‘AGED)
PR ‘NI ddoysasg 39 sydaoydey - .

(TLLISIVD NOK)  98/52Cy-8 AOED

*81FNPETTI
SgMI0JSURI] BT 38 T US S9EIO0FEUNI] F sub EST[ST E9IBFINCD SIPOYIPE
sop and SNUSIGO SISO deam dwey BT L I9 UVOTNYIE,[ U SISIIvAU] SBIITE)
sep spnIjTdus Us ®suodya OT SavdE0d VO ‘SPARLY SBIPIO,P sanbj My
19 YIZOAI93I0G SBIITF] PP INOJ °BIPIO NRQIIRIP P 30 2o enad np
swnbjagenu 68231)) 99p sswyd Us 30 apnijydue us sesvcdga ser 3ueiery we
$13U0WpP 315D WSPOYIPS 8D WP jaed vy ¢ (ONEL *STIPS US NEGS
-1 Un SUPP UOTINETTEP2 sun Inod oduea U ¥ I0 WOTNIY,T § SIFlIEAN)
$81371] 65p 3 US 1JJEURII 9P UOTITNO; Y ITRPYP [SSU ¥ mg -SeabiS
-OTPUS SSII[]J $BP IIVIEEVA) Bp VOFION0; O P SI{IPTIIN emo}IINI; B8
woyIjeodmodgp vy 8P U 5 B8 Spmio] 30T o 5P SIIPIP 8139
anad pdmes wY § 30 WOTEYYY,T ¥ 2Jwwiamauy,l ivd 9geTagIINIRD sonbiigmmu
9833177 Sep 3 TS 138JTPII p UOTIO0S ST smb giIvomP 188 I ‘OTRY
-Teasd NESERI W SURP SPSTINY SPAST On1d S21pI0, P S8II[Y} SOT MM0d
+sexp7dE0d> 30 57993 eaTgd 697 inod SPUTEINIPP 933 IO *eyuspuoiseizod
senbiSorvus 9023757 Sop sdusl T ¥ 19 VOTSYIP,T ¥ SoURTItMa,] Op JuEe
~usjaczd b ‘specdoad seabligmnu $823[1) SIP 8IESIITJjE00 S¥] -Ilq
~Te3 200 o1pd vp $1; T 30 svTNOITIINNDY,P WEY o7 83388 Liod
—dwa sy sabsaor sembySoysuw S8a3TI; Sep 173id { S)TeInig: senbiageme
822311} S8P I anod sspovage Mep 1139 ISERI0p B

9941 4 I® spa v awd
20u3 W] T SOUSIIRAS},] 3P BOTNYIP,] ¢ SISPIIMS],T
P SUOTIMIOJSNEIY SOT 1od PJTEINOPI SEMbIIgERU SSIITF) P WOTIATING,

OUL V0D PR 9IIYBIING) ‘0088 “d'D ‘AMDD
copeum) ‘NG ‘Inemeddorsagd 30 SNIININY - eI

(RLE1SEVD NON)  98/STEY-E MDD

‘SIFPUITIR
SgEROJEURII W] 18 S US SPEIOEUSII BT Snb SIT101 E8UEINCD SEPUYIgE
oop 20d snEeIQ0 BITSY Jeas sduwa ¥1 T I9 UOTAYOY,T U SIuPTavAuE 83ITE}
ssp spnijTdme us ssucdga BT avdECd UG ‘SPASTS $31p10,p SenbiIdITIe
39 Y3I0AI9IING SSAITF P N0 °SIPI0 SETINSP np I8 Iejmesd np
senbdjaganu 821377 99p 99vyd us 35 spnijydes us sesucdys 981 Juelesl U
$IIUOEP I8 FIPOYIPE 0¥ 9P jaed Wy ‘Juews(suly 93330 ue NNeS
-33 U SUSP UOTIBETIPYE sun anod edERa ®T ¥ 38 UOTWYOP,T U SINelISAR}
#8231 9P 3 UB 1397OUNA] B UOTIN0; VY IFNPEP jeene ¥ ug -senbid
-OTEUS 92T} Sep 1183SuEI) Sp UVOTIONOS U Sp S8TTeTIavd SUOTIINI] S8
W0IITRANOIPS WY P RO 3 U IPBI0) 1 %® TP SITRPYP 831p
ned sdues U] § 30 DOTNOY,T ¥ FIUVIIEAUT,T 20d SPETIPIINIED senbligEme
93131757 O%P 1 US 130J0uvi} P UOTIG0; ¥T onb PIIwOWPP 188 T} ‘STRT
-{eand NPESPI wn SUFP SPITISYI SPavTy ontd SeIpi0,p $81ITF] #] INOG
-sexerdusd 10 eyeg3 eaTgd ser Inod SEETEIVISP §IL INO ‘PINNPuOdNIIOD
sonbISoTeur S81ITF) S0P SdES1 T ¥ I8 WOTMOY,T T ESJINAR],| op W
-usjacad b ‘egsodosd senbjigwm S81ITE] SOP SIBNYIFFJE00 sey “O1q
-193 39w o1pd np bya; *1 30 SSPUSOTIFINNRIY,P WA O] S13we 304
-dw1 o7 snbsioy sendiSotwus 8933737 sep 2333w Y S3F9IR091 senbiipERe
0923133 #%p 13 anod SPOYIPS WP ITIPP ILAWRIOP B

9AFT °4 20 Saay ¥ I
l.! @7 ¢ sJUwyIsAU],[ 38 UOTAYIQ,T ¢ sJueyINAn], 1
ap SUOEIGRI0JEUNI] #9] Ivd 937RINDG1 senbiigEnu SRAITFF Op UOTIVATAN.

Ol VOO °3%d ‘®33eeaneD ‘0088 °d'O ‘MDD
peu) ‘NaN ddoreasg 0 oy X - <

(I1AISSVD ROR) ¥8/STCY-E AMMD

ML, 340
sguIOjOUEI3 O] 39 T US SPRIOjEEEI] ST ab SHITS) SEINGINOD FIPOYIPE
oop 10d onOe3q0 STISY deaw sduma ST { 30 WOTIY,[ U SINETIRAR] SaITH)
ssp spnij(due U aeucéal O Sanduod UG ‘SPASTR S33pio,p sembiATTe
39 Y3I0A19310¢ SSIITY; Sep In0] -SIP20 SURTEASP 8 38 oTwmad wp
senbjagenu se1171) sep sswyd Ge 38 spnijTéew we seesodya sey usdea we
$2380WpP IS SOPOYIPE B8O O d u] ‘WNSIPUTL SIS W AP
33 Un SUPP WOTITSITEPa WA anod sdEwl Uy § 38 SOTNOP,T ¥ SINETIBAN]
€913T33 Ssp 5 WO 1IGJEERII P UOTINOJ V] IFNPYP [SINE B WO ‘Sembid
~O[PR¢ $82I[F] SOP 119jeuEi) Sp BOTING) O P SOTIFIINd SOl w
WOTI190dE02gp BT 9P WO 5 US Sguic) ot o T8 ITNPPP 239
Inad sduwz By g 39 WOTAYDP,T B SowsTamaug,] 204 SPOTiY b2y
S831TFJ S0P 5 US 3118J6URII Sp WOJII0) BT b JiJwomp 100 13 ‘sret
~eand nuesys UN Suvp SEATIERI SPasty Snyd SIpI0,P SA1IT} ST mmod
+sexeyduc> 30 STepl sorgd 9oy inod SpUTRIGVP §IR IWO ‘sjuvpuodesiiod
sonbyforvuy S213TT; eop BN ¥ ¥ 30 WOTIP,T ¥ SIEFFamany,( % Iuw
—ussacad yab ‘sgecdoad esnbiigmw S813ITI] SOp SIWBIII)E00 ¥ -A[Q
-ye3 ase orpd mp bgaj o1 @ TI7399429,p W93 o] 81388 Laed
—dez o7 anbsaoy senbySorwes 0823717 tep 373a0d U SFTEIRIR senbyaguns
*83371} o9p 3§ anod SSPONIPE XNSP 1T3PP ISEMIOP B

e 4 3 wiay vy aud
Sd093 w1 ¢ edvey o1 39 SOTNIR,] § SIUP ¥,.1
#p suoPITEIO)ENNI] So ied $JTEINIPI semblagEma SeIITT3 P WOTIGATAN.

Ol V0O 9md ‘9339193100 ‘(08 “4°D °‘ASED
» ‘aan déotesyg 310 SydaeqIeg -

(I1ZISSVD NOR)  ¥8/STCY-R AGED




- ®

LA MRS, S I I A

[

T

“;. -"’l -.\ ."L . r'_ L

et At

S Aree e |

wov
LA

-

*SVOTIVNIOZENNIY
AVOSETIq WY1 PUF & PIVPUNIS 43 OF YW P tonen £q P
0043 qITA poavdmod Bav S18I1T) u-uunyiukin puw unouu-'fh(uo
3o sesucidssa spnitulum aq3l ‘sie3r3) ITIGTIIS Puv Yizanaeying ispao-—ySiy
204  *9293113 TUIISIP A9PIO-Pu0des pus -183F3 Y3 jo sesuocdsss sewyd
pus egnitulies aq1 Ssyizoqpd iq pejsizevommp 67 EpoY sy jo
=304 943 ‘LITWUTd  PEATIP URIQ OS[¥ SARY WO WPV ¥ UT vc-«q-ou
9393153 Juvjasanj-duva pus 4938 343 jo WO} [ £} W
QL °WOTIJUN] I19JFUNII SNTI-SRORBEIVOD c.—... ue wopsuvdae TOTIDNI]

tes3aed 8y W03) 10 woy 3-8 pawp 3 w03} £73I2833p PeatIep
»q usd sduwyavas] dues pus doe oq3 &q pouteaqo 939373} TWIINIP jo wojld
«~JUnj 193 3 =3 TP 43 I3 PeIIIeuowsp OF I} ‘mao) TeY(eaRd

¥ UJ PESEIEeR SI9ITTJ A0P20-20ySIy 204 -setod xeydmod puv (eI 10)
pouTHISINP USq B4Ry ‘819311 Soysus Butpucdssiiod sy3 jo PIEIiwau}
dwwa pun deis Y3 BOiZ PSATISP 0a® YITUYA °‘SaeITT3 TVITEIp pesodoxd eq3
3O 93USEITJIN0d YL -(IvMe ST Lousnbeaj stod 8yl o3 Lousnbesj Fujydase
943 jO OJ3T2 W3 UMYA 193]} SEJI-SNORGIINCD WOl} 9303133 IPIINIP

ap julisep 103 P OA3 $8QJ3J89p JUMNIOP STWL

994971 °4 pur ujaoN v &K
JIUOTITRIOSULIL IUSTITAUI-dawy
oyl puv JuvTIeAuI-de3g #y3 iq S2037Td 193IFNIQ PATEINOWY Jo DOJIFATANG,

ONl V09 *end ‘8339192ancO ‘0089 xoE °0°d ‘ANNQ
sepeuwy ‘gua ‘yoveag jusmdorsasg puw yoavesey

(GRIAISSVORA)  ¥8/SZCY~U ATEG

*SNOYIVEIOJIURI)
2SONITIq 43 DUV 3 PISPURIS B4 OF UMS SPOYIM [eROR L4 POETEIRO
28043 YITA PRIvdN0D 03V 920311) INIIVARN]-LENI PUY INETICAST-4030

jo sesucdssz epnItulvm oyl ‘9193137 ITIITTS PuT YIIGRI9IING 20pI0o-yiyy
204 030371} TPIITIP I0pI0-PUCINS pur -38333 oyl jJo seewodees sewyd
pov pnIjulee w2 M3yIdopd Lq p P 97 opoy 9943 jo soemmi0)
<10d 843 ‘ATISUTA -PIATISP THEQ OSTF SAW W10} SPEISED ¥ ST PISFENI
01937F) IueTivAu}-duS: puv -d4538 0431 JO SUOTIDUN] 20JOUNIL SU}I-DINIISTP
Yl °UOTIDUNJ 19JSUSI] IMTI-SNONGIIVOD 043 JO Uojswedxs WOIIINI]
1Ie33a9d Syl WO3] 10 UOTITNIOJEUSII-S PAPPUSIS Y3 WO2] L[IS0ITP Peataep
) 09> sduvyavaul dEes puc dels sy 4Q PRUTERO 629311 TWITHTP jo word
sy 183 3 esw§3 TP Sy3 1941 PO3ICIIscOomNp Of I ‘m10] [eryvand
® UF POSTIVEx S1931}} 10p10-2yPTy 104 -sefod XeTdwOd puUs (PRI 10)
POUTRISINP UNNq Sasy ‘10317 Sorvur Sujpucdeeii0d Y3 JO SOUFTIAN]
dusa puv deas syl B03j PRATIP 81 YITUA ‘8193T1)) TeIYBYP pesodoad g
30 SWSIITJe0d eyl - TYves o7 Lduenbezj erod a3 03 LHusnbei; Purrdmes
43 JO OFICA SYJ UNYA 8391TT; SWII-SNONUTINGD WOIJ SISITE) TRIINTP
sapsandaz Sujulieep 103 p d on) $8qladeep JuMMIOP SIYL

QT °q puv URIOH -V &4
Suoy a1 e ~duey
43 pus Juvramaul-deis sy3 4 saeITK TPIIPIQ o»«..iu‘ Jo wojIvAraeq,

0¥l V0O “ond ‘s33eTedINa) ‘00ge Xof °0°d ‘AFEA
*epeuUY) ‘GNG ‘Yduvag JusedoTeasq PuUT YIIveSeY

(GNIAISSVOND)  98/STEY-8 ABSD

*SU0TIVEIOJOUNII
ATINITIq P43 PN T PINPURIS SYI O¥ KNG SPOY Tenen &g P
#8043 YI3A peiedund $IP SIVITS; INVFISAUT.AESI PUV INEFITANT-deis
jo sesucdesa snijuiee oyl ‘38313 ITICTITS PUP YIIGAIIING ISpIOo-4Bty
204 *9303TF3 TRIISIP 10PI0-PuUodes puv -39} SuI jo sevuodesa sewyd
pue spnatulen sqa Sajiopd 4q peawa P ST SPOUINE S8Ryl jO
«20d ) ‘ATIWTS  ‘POATISP USEQ ONY® -!. w107 spedsed ® Uy 10--03
9103177 ISwiasaul-dEea puw -d9310 eyl JO SUOTIDWN] 18} 3 a3y w
OYl -DOFIIGRJ 19JENEI] IWPI-SNONUFIVOD Y3 JO UoTsuRdNs DOTIONI]
1e332ed 843 W01j 30 WO 1-8 pawp 3 W03} £13I00ITP PATIGP
8q UW> sdusjivau; dEma puw dore o3 £q peugeIgo 8193133 tvarhyp jo womd
<3un} a9} 3 w3 1P 3 39yl PeINIISNOWP 6T I ‘wi0j [eTyvand
® U} pURII®el 9283171} 39p30-aenSTy iog ‘estod xetdmod puw Tvea 20j
POUTRINIOP USOq Savy ‘9103173 Sorvur NuIpecdesii0d 83 JO IWPTaAB]
dunz pow de3s 943 BOI; PEATINP B3P WITYA ‘01013 TPITNYP pesodoad eyl
30 9388333005 . -[rves #7 Lousnbea; erod qa o3 Lowenbea; Suyydavs
o3 JO 0FI82 SqI UNYA 6I83]}] WFI-SNOMEIINGD WO1) 8183TF) [¥ITSTP

"

sagsINIea sulysep 20) P on3 sS4} P P ST

AY] ‘3 puw wIIN v My
SE0TITRIOFNEL] JuPTivAU]-duwy
43 puv Jusjamaul-~desg oyl 44 820311 T¥IINIQ SATEINOY jo wOTIvATaeq,

OUT VOO ‘omd ‘®138Y0IN0) ‘0098 xof *0°d ‘ANNa
oprum) ‘gug ‘youvag jusmiorsasg pur YIIvesey

(ONIZISSVINN)  99/S2CY-¥ ATW

“SUOTIVEIOIINNI]
298UITIq I PU T PIVPUEIS SYI ST YIMS SPOYINE [enen Aq peNTEIqO
98043 YITA PINdEOD 8a¥ S28IT}) IUCIivauj-dwex pus IeviiIeAST-de3s
30 sssucdsea spnatudem syl ‘saeiT}3 OTIMIITS PUP YIIGAINIING IeproyByy
300 *8a01TI3 1VITNIP I0PIO-PEOIS PUF -~381F] O4I O sevsuodesa sewed
puv spnijufive eq3 Sujajord £q p P ST SPOYITE BESYI JO SIWEWI0)
-38d 841 °ATTWUTS -POAJISP USSQ OSTF SARY WI0] SPEITD ¥ WY PASIIe
8393113 Iusjavaul-due: pus -4939 Y3 JO U0 [ ¢] 11
Yl -DOFIMN; 19jSUEA] IWFI-SNOBUEIVOD BYI JO Uorewwdrs W3R
TeF3aed oy W13 20 uog -z pasp 43 W] £1IF0ITP PRATISP
#q u®> edusjavauy dwwa pue pren 43 4q POUTwIQO S19ITE3 TIINIP JO word
=Jun} isj 3 .33 TP o431 3941 PINIISTONSP ST 37 ‘w10] TOTTRINd
¥ Uy PONEIveI S29ITT] ISpIo-ayBry 204 -sotod xayduco pue (Ve 107
POTTNISISP USSQ Savy ‘838373 Sorewe Su dssa10> eq3 3o
dewz pue de3is syl BOI] peATISP SI® YOTYR .quzq«u To3185p pescéomd -Ju
JO S3uUPEIYIIN0D YL ‘[iwms s} Lousnbsa) syod eyl 03 Lomenbez; Buyrdaes
S43 JO OFINI BYI USYA S2SITT; SETI-SNOBETINOD W03 6303133 TVINIP
sazeandea Sujulesp 207 SaNped0xd OAY SIQIIISEP INWAICP NI

M”14 puB BaK 'V &L
LSU0TISRI0JeuUR] JuviavAR]-duwy
43 puw juviivaul-deis Q3 £q 839311 TPIIBIA SA3EINOeY jJo woTIMMjaeq,

0Nl VOO "oM) ‘9338TE0ING) ‘00EE ¥O§ “0°d ‘ANNG
‘wpeum) ‘Guqg ‘Youeay usndoreang puR YOaveesn

(ERIIISSYDRN)  ¥8/STCY-U ANNG







